Chapter 3 

Special Techniques 


Problem 3*1 

The argument is exactly the same as in Sect. 3.1.4, except tha t since z < R, Vz * 2 + R 2 - 2 zR — (K - z), 

Q 1 

instead of (z — i?)* Hence V^e = ± R) — (R — z)\ — 


4ttco 2 zR 


1 <? 
47reo 


If there is more than one charge 


inside the sphere, the average potential due to interior charges is — ~ , and the average due to exterior 


charges is V cen t er , SO V^ ve — Venter “1“ ^ 


4ttco R 


Problem 3,2 

A stable equilibrium is a point of local minimum in the potential energy* Here the potential energy is qV . 
But we know that Laplace's equation allows no local minima for V . What looks like a minimum, in the figure, 
must in fact be a saddle point, and the box “leaks 11 through the center of each face. 

Problem 3*3 

Laplace's equation in spherical coordinates, for V dependent only on r, reads: 




2 dV 

r — — c (constant) 
dr 


dV 


-- + Jfc. 

r 


Example: potential of a uniformly charged sphere. 

_ ' . r 1 d ( dV\ A dV dV c 

In cylindrical coordinates: V V = - — s— = 0 => s-r~ = c => 

s ds \ ds J as ds $ 

Example: potential of a long wire* 

Problem 3,4 

Same as proof of second uniqueness theorem, up to the equation V3B3 * da = 
each surface, either V3 = 0 (if V is specified on the surface), or else E% ± — 0 (if — 
/ v (£? 3) 2 — 0, and hence E2 = Ei* qed 

Problem 3,5 

Putting U — T = V$ into Green's identity: 

72 


V — clns + k. 


— f v (Ez) 2 dT. But on 
is specified). So 


/ [ ^ 3 

Jv 

So / E^ dr = — <f> V 2E3 ■ da, and the rest is the same as before. 
Jv Js 


r 3 V" V 3 + W 3 ■ vy 3 ] dT = <j> V 3 W 3 - da. But V*V 3 = V a Vi - V 2 V 2 = 


-^- + ^- = 0, and W 3 = ~E 3 . 
Co Co 
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Problem 3*6 

Place image charges +2g at z — — d and — q at z — —3 d. Total force on +q is 


Q 

-2 q 


+ -H-] 

z - / 


1 /29q 2 \ 

4tt€q 

.(2d) 2 

+ 

(4d) 2 

(6d) 2 , 

4 ^ 0 ^ \ 

2 + 8 36 J 

47re 0 \72cP J ' 


Problem 3.7 

(a) From Fig* 3.13: * = \fr 2 + a 2 — 2mcos 0; V — \/r 2 + — 2rfrcos0. Therefore: 


JR 


a y/r 2 +b 2 — 2rbcos# 


p2 

(Eq, 3.15), while 6 = — (Eq. 3.16). 

a 


(ft) i/r 2 + 5 - cos (9 y^) 2 + ii 3 - 2rocosfl 


Therefore: 


V ’ M) ~ 4jre 0 (! + !') - Jeo { v^"+ a 2 - 


2ra cos 0 y/R 2 + (ra/R) 2 - 2racosff 


1 


Clearly, when r = fi, V -+ 0. 


(b) <j = -eof£ (Eq* 2.49). In this case, ~~ — ~ at the point r = R. Therefore, 

<t(6) = “ e ° ^4^“) j-^(r 2 + ° 2 ~ 2racos^) _3/,2 (2r - 2acos£?) 

+ i (fi 2 4- (ra//£) 2 — 2racos£?) 3,/2 ^-^j2r — 2a cos 0^ | 

= — ~ | — {R? + a 2 — 2flacos0) -3 ^ 2 (i? - a cos 0) + (R 2 + a 2 — 2f?acosf?) — acost^j | 


-j- ( R 2 + a 2 - 2 Ra cos 9) 3/2 f? - a cos 9 - + a cos 9 

4tt R 


-^-(fl 2 - a 2 )(R 2 + a 2 - 2Racos8)~ 3 / 2 . 
4ttR 


induced ^ 


= J a da = - ^ (R 2 — a 2 ) J (R 2 + a 2 — 2Racos(?) 2 ^ 2 /? 2 sin#d<? (10 


-^-(ii 2 - a 2 )2jrii 2 f-~(fl 2 + a 2 - 2flacos0)- 1/2 
47T ft Ra 


1 


1 


JL(n 2 - J? 2 ) 

2a V } + a 2 + 2Ra " 7r 2 + a 2 - 2/ia j ' 

But a > R (else q would be inside), so \fli? + a 2 — 2 Ra = a — R. 


£<“ 2 - r2 > 


I 


1 


(a + R) (a - R ) 


= l a [(a-R)-(a + R))=±(-2R) 


qR 
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(c) The force on g, due to the sphere, is the same as the force of the image charge q\ to wit: 


F ~ 


1 


= J_ (_R 2 \ 1 

(a - b) 2 47re 0 V a ^ / (a - R 


q 2 Ra 


4tT£o (t 

To bring q in from infinity to a, then, we do work 

„2i 


R 2 /a^ 


4tt£g (a 2 - R 2 ) 2 ' 


q 2 R 

1 I 

a 

1 q 2 R 

4tt£ 0 

ft; 

1 

« 

CM 

oo 

4nt 0 2(a?-R 2 )‘ 


Problem 3*8 

Place a second image charge, q n y at the center of the sphere; 
this will not alter the fact that the sphere is an equipotential , 

1 q” 


a — b 


but merely increase that potential from zero to Vq ~ 


q H — AttcqVqR at center of sphere. 


4?reo R T 


For a neutral sphere, q* + q ff = 0, 

F = 1 J<L i t \ ( 1 , 1 A 

4ttcq \ a 2 (a — b) 2 ) 4tt€o \ a 2 (a — 6) 2 ) 
qq f b{2a-b) _ q(-Rg/a) (R 2 /a)(2a - R 2 /a) 
4ttco a 2 (a - b) 2 4ttco a 2 {a - R 2 /a) 2 


^ (- 

R\ 3 (2 a 2 ~R 2 ) 

4tt£ 0 V 1 

a ) {a 2 - R 2 ) 2 ' 


(Drop the minus sign, because the problem asks for the force of attraction.) 
Problem 3.9 

(a) Image problem: A above, -A below. Potential was found in Prob, 2,47: 

{ ji 



V{y,z) = ~~ ln(s_/s+) = A 


4tt£ 0 


4tt£o 


a r ^ + (^ + rf)M 

4tT£ 0 \y 2 + (z~d) 2 j 


dv 

dz 



* f 1 

1 47re 0 \ y 2 + (z 


z + dy 2{ - z + d) y* + (z-dy 


2 (z 




z — 0 


2A 

f d 

-d 1 

Ad 

Ak 

[y 2 + d? 

y 2 + cP J 

rr(y 2 + d 2 ) 


Check: Total charge induced on a strip of width i parallel to the y axis: 


*?ind 


oo 

IXd f 1 IXd f 1 , / y\ 

= ~J * + d tan (d) 


IXd 

JT 


H-f)] 


— —A/, Therefore Ai„d = “A, as it should be. 
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Problem 3.10 

The image configuration is as shown. 


V{X ' S) = 4^| 

f i i 

_L 

1 y/(x - a) 2 + (y - b) 2 + z 2 \/{x + a) 2 + {y + b ) 2 + 

1 1 1 

■z 2 

L 

\/{x + a) 2 + (y - b) 2 +z 2 y/(x - a) 2 + (y + b ) 2 + z 2 J 

For this to work, 

6 must be and integer divisor of 180°. 

Thus 180°, 90°, -60 


A 


others. It works for 45° , say, with the charges as shown. 

(Note the strategy: to make the x axis an equipotentiai (V = 0), 
you place the image charge (1) in the reflection point. To make the 
45° line an equipotentiai, you place charge (2) at the image point. 
But that screws up the x axis, so you must now insert image (3) to 
balance (2). Moreover, to make the 45° line V = 0 you also need (4), 
to balance (1). But now, to restore the x axis to V — 0 you need (5) 
to balance (4) , and so on. 

The reason this doesn't work for arbitrary angles is that you are even- 
tually forced to place an image charge within the original region of 
interest , and that's not allowed — all images must go outside the re- 
gion, or you’re no longer dealing with the same problem at all.) 



why it works for B ~ 45° 



why it doesn't work for & — 135° 


Problem 3.11 

From Prob. 2.47 (with y 0 d): 
and 


V = —]n 

'(m + a) 2 +y 2 ' 


4n€ Q 

(x - a) 2 + y 2 _ 



where a 2 — yo 2 — R 2 


a = y/d 2 - K 2 , 


{ aesch(2wcoVo/\) = R } => (dMdlns) 1 = “ sh 1 1 ■ ” 


^ 2ireo U ^ 


A = 


27re 0 Vo 


cosh 1 (d/R) 


Problem 3.12 


In 


a 

oo 9 f 

V(x,y) = C n e~ nKx/a sin(mry/ffl) (Eq. 3,30), where C n = - V 0 (y)sin(nny/a)dy (Eq. 3.34). 

n=l o 

this case Vo(y) = ( !° r ^ V < | . Therefore, 

v ' ^ -Vo, for a/2 < y < a J 

) 


{ a/2 a ] f 

f . , , w f - , MJ 2V 0 J cos{mry/a) 

j sm(nrrj//a) dy - J sm(mry/a) dy > - — < (nit fa ) — 

a o/2 J ^ 


a ‘ 2 cos (/i Try /a) 


(nn /a) 


= { - cos (t) + cos(0) + cos(n7 ° " cos (t) } = S { 1 + ( “ 1} " “ 2 cos (t) } ■ 
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The term in curly brackets is: 


f n - 1 

: l — i — 2 cos(ir/2) — 0, 1 

| n = 2 

: 1 + 1 — 2 cos(7r) — 4, 

n = 3 

; 1 — 1 - 2 cos(3tt/2) — 0, 

[ n = 4 

: 1 + 1 — 2 cos(2tt) = 0, 


► etc. (Zero if n is odd or divisible by 4, otherwise 4*} 


Therefore 


So 


_ / 81 
~ l 0, 


8Vo/n7r, n — 2,6, 10, 14, etc. (in general, Aj + 2, for j — 0, 1, 2, 
otherwise* 


7T * — 4 

n— 2,6 1 10 1 ** + 


e n7t */ a sin(mry/a) _ 8Vq e -(^j+ 2 ) 7rx / a sin[(4j + 2)ny/a] 

7T 


j=0 


(4j + 2) 


Problem 3.13 

V(x,y) = ^- + ~e~ nivx / a sin[nny/a) (Eq. 3.36); a = -e 0 ~- (Eq. 2.49). 

7T • ^ Ti nn 


n fTV n 
rt=I,3,5,* + * 


So 


<r(y) = “ e o HT { ~~ e nnz ^ a sin(n7ry/a)| = -e 0 — ^ l(-~)e n,ri/a sin(njry/a) 

ox ^ ?r * — 4 n ) T _ 0 7T n a 


x^o 


4eo Vq 


sm(n7ry/a). 


n=l ,3,5,-.- 


Or, using the closed form 3.37: 

j r / ^ 2Vo _! ( sin(7ry/a) \ _ 2V 0 1 / - sin{7ry/a) \ n 

7T V smh (W a )/ ^ i + \sinh 2 (7rx/a) / Q 

sinh 2 (ura:/&) v ' 7 


x— 0 


26qVo sin(7ry/a) cosh(7rx/o) 


2e 0 Vb 1 

n sin 2 (ttj/ / a) + sinh 2 (7rx/a) 

x=0 

a sin(nyfa) 


Summation of series Eq. 3.36 

V{x^y) — where J = V' — sm(nny/a). 

7r n 

Now sin in — Im (e 1 ^), so 


n=I,3,5,... 


/ = ImV * e - n ** /a e in7rv/a = 1m V -Z n , 

f n n 


where Z = e Now 


.5 =■■ ■ tm—'-i: {I-}* 

= = l ln (f?4) = = |onfl+«0). 
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where Re‘ e — Therefore 


+ = n.„ Lt£ - l±lTT rt f - t 1 + (1 ~ e~W»‘) 

[ 2 J 2 1 — 21 — iv)/ a (l __ g^7r(x — iy)/a'j ^1 — n{x + iy)fo. ) 

1 + g-jrz/g ( e »a/a _ e -«ry/<.) _ e -t*x/* _ j + 2ie-^ a sin( 7 ry/a) - e -^x/ a 

|l - e -*(z-iif)/a| 2 |l _ e-JT^-tlfl/ol 2 


so 


Therefore 


tanf? — 


2e ffX / a sin(7 ry/a) 

g—2nxfa 


2 sin{7r y/a) 

gltxf O g — 7Tl/a 


sin(7p£//u) 

sinh(7rx/a) 



(^) • - 


\n \ *. -i 

Kfx, j/) = — tan 

7T 


/ sin (tt^ / n) \ 
\sinh(?rx/a) / 


Problem 3.14 

d 2 V d 2 V 

W dx 2 + dy 2 


— 0, with boundary conditions 


' (0 n*,o)=o, 

00 V(x,a) = O l 

(iii) nO,ir) = 0, 

(iv) V(b,y) = V 0 (y). j 



As in Ex. 3.4, separation of variables yields 


V(x,y) = (Ae kx +Be~ kx ) (C sin ky + D cos ky) . 
Here (i)=> D — 0, (iii)T- B — —.4, (ii)=> ka is an integer multiple of 7 r: 


V(x, y) — AC ^ e Tlirj: /» — e n,rx / a 'j sin(mry/a) = {2AC) sinh(mra:/a) sin(n 7 ry/a). 

But (2 AC) is a constant, and the most general linear combination of separable solutions consistent with (i), 
(ii), (iii) is 

QO 

C n smh(n7Tx/a) $m(n7ry/a ). 

n=I 


It remains to determine the coefficients C n so as to fit boundary condition (iv) : 


a 

2 C„ sinh(ri7r6/a) sin(niry/a) = V 0 (y). Fourier’s trick ^ C n sinh(nnb/a) =~J Vo{y) sm{mry/a) dy. 

o 


C n = 


asinh(imb/ 


J V 0 (y) sin(niry/a) dy. 


Therefore 
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a 

,,ssv 2 f . 2V 0 f 0, if n is even, 1 

(b)C " = „ °J lmK/,)lil, %.mh l „rf/,) X 1 ft, if n is odd. j 


V(x,») = ^ £ 

7T * — 

11 = 1 , 3 , 5 ,... 


sinh{mrx/a) sin(n7ry/a) 
n sinh(n7r6/ a) 


Problem 3,15 

Same format as Ex* 3.5, only the boundary conditions are: 


(i) 

y = 0 

when 

x — 0, 

00 

v = o 

when 

x — a, 

(Hi) 

V = 0 

when 

2/ = 0, 

(iv) 

y * o 

when 

V - 

(v) 

y = o 

when 

z — 0> 

(vi) 

y = y 0 

when 

z = a. 


This time we want sinusoidal functions in x and y, exponential in z: 

X(x) = AsinfJta;} + £cos(Jh;), K(y) = Csm(ly) + Dcas(ly), Z(z) - Ee' /SI + Pz + G e -' / * T +' Ti , 
(i)=> D = 0; (ii)=>- k — n?r/a; (iii}=> D — 0; {iv)=> l — m7r/a; (v)=> E + G = 0. Therefore 


Z(z) — 2Esinh(7rv^n 2 + m*z/a). 

Putting this ail together, and combining the constants, we have: 

oo oo 

V{x,y, z) “ ^ ^ C nim sin(n7rx/a) sm(miryfa) sinh(7r\/n 2 4* m 2 z/a )* 

n= 1 m= 1 

It remains to evaluate the constants C nrmi by imposing boundary condition (vi): 

*> = ££[c„, m sinh(7rV ft 2 + m 2 )j sin(n7rx/a) sin{m7rj//n}* 

According to Eqs* 3.50 and 3.51: 

/ * \ (2\ 2 f f f °r if n or m is even, ] 

Cn^sinh 7rvn 2 +m 2 = “ V Q sm(nnx/a)sm(mity/a)dxdy - i 16Y 0 } 

\ / \n/ J J , if both are odd* 

oo ^ TT^mn * 

Therefore 


16V 0 V' 1 • , , \ , , ,sinh (iry/ri 1 +m 2 z jo) 

* n=w,...m=T^5,... nm smh Kn J +m 2 ) 
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Problem 3.16 


AM = 


= (**->)* 

1 J 
8dx 


[(x 2 - 1) {5x 2 — 1)] — I [2x (5x 2 - 1) + (x 2 - 1} lOx] 


8 

= J(5x 3 -x + 5x 3 -5x) = ^(10x 3 -6x) = 


5 3 3 

— X j — —X. 
2 2 


We need to show that P 3 (cos 6 ) satisfies 

S^i( sine ^) = -' (, + 1)P ' withi = 3 ' 

where P 3 (eos 0} — \ cos0 (5 cos 2 6 — 3) . 

i [— sin 0 (5 cos 2 0 - 3) + cos 0(10 cos 6 (— sin 0)] = - - sin 0 (5 cos 2 0-3+10 cos 2 0) 


= - - Sin0 (5 COS 2 0 — l) « 


d ( dP \ 3 j o 

— ( sin 0—^ ) — - - — [sin 2 0 (5 cos 2 0 — l)] = - - [2 sin 0 cos 0 (5 cos 2 0 — l) + sin 2 0 (—10 cos 0 sin 0)] 

UU V CK7 / £s Lily Z 

= — 3 sin# cos# [5 cos 3 9 — 1 — 5 sin 2 0] . 


1 d 
sin 6 d 6 



-3 cos# [5 cos 2 -1 - 5 {1 - cos 2 #)] = -3 cos# (10 cos 2 0 - 6) 
-3 • 4 • i cos# (5 cos 2 # — 3) = -1(1 + 1)P3. qed 


i i 

J Pi(x)P 3 (x)dx = J (x)i (5x 3 — 3x) dx = 1 (x 5 -x 3 })^ = ^(1 - 1 + 1 - 1) = 0. / 
-1 -1 


Problem 3. IT 

CO 

(a) Inside: V(r,0) = ^ A(r l fl(coe0) (Eq. 3.66) where 
1=0 


At = J (8) Pi (cos #) sin 0 dd (Eq. 3.69). 

0 

In this case Vq(0) = Vq comes outside the integral, so 

ir 

Ai = — ^ J Pi(cos$)s\n8dd. 
o 
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But Po(cos9) — 1, so the integral can be written 

JT 

J Pq(cos &)P[ (cos 9) sin 8 dO = j £ j ^ jj j (Eq. 3.68). 


Therefore 


Plugging this into the general form: 


f 0 t if l jt 0 1 
1 " l v 0 , iff = 0 / • 


V(r,0) = A o r°P o (cosO)= V 0 . 


The potential is constant throughout the sphere. 

Bi 


Outside: V(r,0) = ^ Pi {cos 8) (Eq. 3.72), where 
i=o r 

7 r 

Bi = ~pR ,+l J V 0 (e)Pi(co$e) sin 6 d8 (Eq. 3.73). 

0 

= = { V 0 , “ ! = 0 } ' 


Therefore 

(b) 


V(tJ) = V q - 

T 


(i.e. equals Vo at r = R, then falls off like -). 


V(r,d) = 


\ f> r ' 

“ B, 


Pt(cosO) t for r < R (Eq* 3.78) 


-~Pi(cos8), for r > R (Eq* 3*79) 


L 1=0 




where 

and 


Bt =R 2l + 1 A t (Eq* 3*81) 


7T 

At — - — r f <Jq{0)Pi (cos 0) sin $d$ (Eq* 3.84) 

o 

71 

= S^ <T ”/ p ‘ (cose)sine ‘' 9= { l„/eo, !n2o}- 



f R& o 





for r < R 



€ 0 



V(r,$) = < 

R 2 a 0 1 

for r>R 

> * 


j 



Co T 

J 



Therefore 
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Note: in terms of the total charge Q — 4tt R 2 <jq, 


* 

V{t,9) = < 


v 


1 Q 
4?reo P 1 

1 Q ^ 

47T€q r 1 


for r < R 

> 

for r > R 


Problem 3,18 


Vo(0) - fccos(30) - k [4 cos 3 0 - 3 cos 0] = k [aP 3 (cos0) + /9Pi(cos0)] . 

(I know that any 3 rd order polynomial can be expressed as a linear combination of the first four Legendre 
polynomials; in this case, since the polynomial is odd, I only need Pi and P 3 -) 


4 cos 3 9 - 3 cos 9 = a 


“ (5 cos 3 B — 3cos0) 


5a 

+ 0 cos 0 — — cos 3 B + 


H-) 


COS 0 , 


so 


Therefore 


Now 


, 5a 8 „ ^ 3 . 3 8 . 12 ^ 12 , 3 

4 = t^ q = 5 ; - 5=, ’-2"=' i -!'r' ! "i 4|i= y != T 


V a (8) = - [ 8 P 3 (cos 6) - 3Pi{cos0)] . 

f OO 

^^(r'Pf (cos 5), for r < R (Eq. 3.66) 

V(r,$) = \ 

CO 6 0), for r > R (Eq. 3.71) 


V ^0 


} y 


where 


At = 


(21 + 1 ) 

2 R l 


TT 

J V o (8)Pi(cos0)sm8d8 (Eq. 3.69) 


(21 +l)k 
2 R l 5 

k (21 + 1 ) 


f } } 

<8 / P 3 (cos B)Pi (cos 0) sin 9 dB — 3 / Pi(cos$)Pf(cos0) sin#d0 
l o o , 


{ 


2 2 
8 y r ,‘v ^3 — 3 ■ - $n 


5 2ft \ (21 + 1)" 1 " "(21 + 1) 

= { 8 3AV5P, lf! = ? } (^ro otherwise). 


\ _kj_ 

J 5 Rf 


[ 85 o - 3 5 ji] 


Therefore 


3A- Rk 

V(t,8) = rPi(cos0) + ^r 3 P 3 (cos 0) = 


8(~) 3 P 3 (cos^- 3 (^)p 1 (cos^) 


or 


- 1 8 1 [5 cos 3 9 - 3 cost?] — 3 (^j cos# j =>■ V(r,9) = cos6 ^4 (-^) [5 cos 2 0-3] — 3| 
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(for r < R). Meanwhile, Bj = A{R 2l+1 (Eq. 3,81 — this follows from the continuity of V at R). Therefore 

p f 8kR 4 /5, if l = 3 \ , .. . , 

Bl = { -MR* /5, if / = 1 / t 2ero otherwise). 


So 


-3 kR 2 1 , SkR 4 1 

k 

{rV /f?\ 2 


V(r,8) = Pi(cos8)+ P 3 (cos0) = 

D 7'~ O V* 

5 

8f-J P 3 (cos£?) - 3 f — J Pi(cos0) 

1 


or 



(for r > R). Finally, using Eq. 3*83: 


OQ 


u{8) = e 0 ^(21 + 1)4, /f'- 1 /-, (cos 0) = e 0 [SA,fl + 7A 3 R 2 P 3 ] 

= eo 3 ( _ S ) Pi+7 


(£) 


r 2 p 3 


~ [-9Pi(cos0) + 56P 3 (cos 5)] 

0/i 


epfc 

SR 
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-9 cos 8 + ~ (5 cos 3 0 - 3 cos 8) 


= in? cos + 28-5 cos 2 8 — 28-3] 

QTL 


cos 0 [140 cos 2 0 — 93] * 

Qj"t 


Problem 3.19 

00 21 +■ 1 f 

Use Eq. 3.83: a(8) = e 0 ^(2i+l)^/f'~ 1 P, (cos 8). But Eq. 3.69 says: A, = / V 0 {6) P t (cos 8) sm 8 d8. 

0 

Putting them together: 

} 

a(0) = ~ y^(2i + l) 2 CfPj(cos0), with C; = / Vo(0}Fi(cos0) sinfld#. qed 

J 


Problem 3.20 

Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the 
potential of a uniformly charged spherical shell: 
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Problem 3,21 


QC p QQ p OQ p 

<•> nr.D = E3Fr«(“ 8 «) (>■ > *>. •" V'(r.O) = £-&fl(l) = E = 5- V^TiP-r 

J=0 r i=0 r i=0 7 ze ° 1 


Since r > in this region, \/r 2 + R 2 = ry/l + (R/r) 2 = r 


l + i(H/r) 2 -i(ii/r) 4 + ... 


, SO 


°° n 

. . ^ 2e ° 


, 1R 2 1 R* 

1 + --T “ T-T + ...-1 


” 2e 0 \ 2r 8r 3+ '")‘ 



&B? gR a 

Comparing like powers of r, I see that Bo = — — , Bi =0, B 2 — — f , , , . Therefore 

4e 0 loeo 


(for r > 


(b) ^(r,#) — ^2 r l Pi {cos 0) (r < R)> In the northern hemispere, 0 < 9 < tt/2, 
j=q 

00 

r(r,0) = ^A f r' - ~ [V^ + ff-r], 

Since r < R in this region , \f r 2 -f R 2 — R\/l + (r/R) 2 = R 

00 

vv4 

^ 2e 0 


l+“(r//l) 2 -I(r/rt ) 4 + ... 


. Therefore 


f=0 


1 t 2 1 r 4 

R + 2R-sW + --~ r 


Comparing like powers: A 0 = j4i = A 2 = ~ r: , ■ , , , so 

2eo 2eo 2e 0 B 


V(r,6) = ~ [*- rPt(cos0) + ±P 2 (cos #) + ... 


(for r < 1£, northern hemisphere). 


In the southern hemisphere we 5 ll have to go for 9 — 1 r, using ( — 1) = (— 1)*. 

V{r, tt) = ^(-1)%/ = —■ [Vr 2 + R 2 - rj . 


I - 0 
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(I put an overbar on Ai to distinguish it from the northern Aj), The only difference is the sign of A\\ 
A\ — -f (a/ 2eo), A$ — Aq, A2 — A2- So: 


V(r t 0) = 


cr 

2eo 
a R 

2€q 


R + rP\ (cos 9) -f ~r 2 P 2 (cos 9) + . , . 
zH 


1 + (1) co ^ + I(1) 2 (3cos^-1) + ... 


(for r < R, southern hemisphere). 


Problem 3,22 


^^r'PKcostf), (r < R) (Eq. 3.78), 

V(r,0} = <! 

£ -j^PiicosB), (r > R) (Eq. 3.79), 
t=o 


where B t = A t R 2l+1 (Eq. 3.81) and 


A, = 


— ^_ 1 J cto {8)Pi (cos 9) sin 9 dB (Eq. 3.84) 
o 

{ jt/2 7T 

J Pt (cos 6) sin 9d9 — J Pi (cos 9) sin 9 d9 
o 

Jjrr | J Pt(&)dx - J Pi{x)dx 


(let x — cos 9) 


n/2 


2e 


-i 


Now P|(“x} — (— since (ar) is even, for even l, and odd, for odd Therefore 


y u i 

j P l {x)dx = J Pi{-x)d(-x) = (-1)' / P\ (x) dx j 

-1 i o 


i 

A ‘ = 23 Zill ~ l ~' ) ' ] I F,{X)dX = 


0, 


if l is even 


i 

j- J Pi{x)dx > if l is odd 


* 


and hence 
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So Aq = A? — A 4 ™ Ag — 0 t and all we need are Ai t A3, and A5. 


Therefore 


and 


Thus 


1 

j P x (x) dx 
0 

1 

J P 3 (x)dz 

0 

1 

J P 5 (x)dx 


i 

■/ 


x dx — — 
2 


1 

g J {63a; 5 - 70i 3 + 15®) dx = ~ ^63^ - 70^ + 15 — j 


1 15\ 

8 \ 2 2 + 2 / 16 3 35 ^ 


16' 


Ai = s G) ; ^ H) e,c - 


B x = ~-R z | 


H) = S R7 (s) 

\ ; etc. 


V(r,0) - < 


gpr 

2 Co 
ct 0j R 3 
2^ 


Pi (cos (9) - j (~) p 3 (c°s^) + - (-^) P 5 (cos<?) + ... 
Plfcosfl) - ~ \ P 3 (cos0) + g P 5 (cos 0) + ... 


(r < R), 

, C r>R ). 


Problem 3.23 


i_a / av\ i^d^v 

5 95 \ @ s ) + @<fi 2 


Look for solutions of the form V(s y <p) — S(s)$(<fi)\ 


1 T d ( dS\ 


+ ± s « 

s 2 d4> 2 


= 0 . 


Multiply by s 2 and divide by V = 5$: 

s ^ d ( dS\ 1 „ 

S^ds \ ds ) + ¥#2 ~ ' 

Since the first term involves s only, and the second <f> only, each is a constant: 


s_d_ ( dS\ 
S ds \ S ds ) 


= C i. 


1 (P$ 

¥ d<j > 2 




with ~b ~ 0. 
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Now C 2 must be negative (else we get exponentials for which do not return to their original value — as 
geometrically they must— when is increased by 2tt), 

C 2 — -k 2 . Then — — —k 2 <& => 4> = A cos k<f> + D sin k<p . 

d<p z 

Moreover, since + 2 tt) = <£($), k must be an integer: k — 0, 1,2,3, . (negative Integers are just repeats, 
but k = 0 must be included, since — A (a constant) is OK). 


[ s~ | = k 2 S can be solved by S = s n , provided n is chosen right: 
t Is \ ds J 


s-y- ( sns n M = ns~ (s n ) = n 2 ss n 1 — n 2 s n — k 2 S => n — ±k. 
as A " 


d_ 

ds 


Evidently the general solution is S(s) — Cs k + Ds~ k j unless k = 0, In which case we have only one solution 
to a second- order equation— namely, S — constant. So we must treat A: = 0 separately One solution is a 
constant— but what's the other? Go back to the differential equation for 5, and put in A; = 0: 


d ( dS\ n dS 

s— [ s~ = 0 => s — — constant = C 
as \ ds J ds 


dS C ds „ _ . , v 

— = — dh ~ C — b — G ins + D (another constant). 


So the second solution in this case is Ins. [How about $? That too reduces to a single solution, $ = A, in the 
case A: = 0. What’s the second solution here? Well, putting Ar = 0 into the $ equation: 


dM> 

d<j> 


d(j> 


— 0 — — constant — B ^ — B<j> + A. 

" -J 


But a term of the form is unacceptable, since it does not return to its initial value when <j> is augmented 
by 2 tt.] Conclusion: The general solution with cylindrical symmetry is 


V(s, 0) = Go + bo In s + ^ [s fc (a* cos A:$ + bk sin k<j>) + s k (ck cos k$ + d sin k<j >)] , 




Yes: the potential of a line charge goes like In s , which is included. 


Problem 3.24 


r to 

1 (ii 


(i) V — 0, when s — R 


■} 


i) V — ^ — Eqx — — i?oscos0, for s 3> R. 
Evidently Oq = bo — bk — dfc = 0, and — Ck — 0 except for k — 1: 

V (s, <j>) = s + — ^ cos 4>. 

(i)^h C{ — (ii)— ^ ui = — f?o* Therefore 


y , 








/ 











, <fi) — ( -Eq$ H J COS^, or 





V{s,0) = 

[(*) - 1 ] 

cos 4 k 
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& — -eo 


&V 

ds 


= — eo£?o 




( 4-0 


cos 0 


s=zR 


2£ 0 E o cos 0. 


Problem 3.25 

oo 

Inside: 0) = ao + ^ $ k (a* cos &0 + bk sin k<j >) . (In this region In s and $~ k are no good — they blow 

Jb=i 

up at s = 0.) 

oo 1 

Outside: V($,<j>) —Oq + {c* cos &0 + d* sin £0). (Here In s and s* are no good at s oo). 


jfc=i 


o- = ~£o ( 


pKut 


V as 

ds ) 


(Eq. 2.36). 


a-R 


Thus 


a sin b<t> — — €q ^ | — ( c k cos k<f> + d* sin A;0) — hR k 1 (a* cos &0 + bk sin k<j>) | . 

Evidently a* — c* — 0; b k = dk — 0 except k — 5; a - 5co + R 4 b^j . Also, V is continuous at s — R: 

ao+il 5 b5 sin 50 = do + d$ sin 50. So qq — do (might as well choose both zero); R 5 b$ = ^" 5 ds, or dg — R w b$. 

ct clR ^ 

Combining these results: a = 5eo (H 4 &5 + R 4 b&) = IGeoK 4 ^; 65 = d^ = — — ■ Therefore 

lQco/r 1 IOcq 




a sin 50 f s 5 /R 4 > for s < R y 1 
IGe 0 l /s 5 , for s > R. J 


Problem 3,26 

Monopole term: 


But the r integral is 

Dipole term: 

But the 9 integral is 


Q — J pdr — kR j ^{R — 2r)s\n9 r 2 sin $ dr dd d0. 

R 

j{R- 2 r) dr = ( Rr - r 2 ) j* = R 2 - R 2 = 0. So Q = 0. 
0 

J rcosflpdr — kR J (r cos 5) 


\(R - 2r) sin 9 


r l sin 9 dr d9 d0. 




sin 2 9 cos 0d9 ~ 


sin 3 9 


= -(0-G) = 0. 


So the dipole contribution is likewise zero. 
Qmdrupole term: 


J r 2 ^ cos 2 Q — 0 p dr = - kR J J r 2 (3 cos 2 0 - l) ™(ii - 2r) sin 0 r 2 sin 0 dr 


d0. 
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T integral: 


0 integral: 


f— MM 


R R 4 R 4 R 4 


<p integral ; 


The whole integral is: 


f (3 cos 2 6 — l) sin 2 8d8 — 2 f sin 2 8 d8 - 3 f sin 4 8 d8 
J ' J J 

0 3(1— sin 2 fl) — 1=2— 3 sin 2 $ 0 0 

2tt 

J d(f> = 2 7T. 


5“(4)(-i) (2 ') = 


klT 2 R 5 
48 ' 


For point P on the z axis (r — * z in Eq. 3*95) the approximate potential is 

(Quadrupole*) 


V(z) S 


1 kn 2 R 5 


4tt£o 48z 3 


Problem 3*27 

p — {3 qa — qa) z + (-2 qa — 2g(-a)) y = 2gaz* Therefore 


K — 


I p-r 
47rto r 2 1 


and p * f = 2ga zr — 2ga cos 0, so 


V * 


1 2ga cos 8 
4neo r 2 


(Dipole*) 


Problem 3*28 

(a) By symmetry, p is clearly in the z direction: p — pz; p = J zpdr => / za da. 

p — J (R cos 8) (k cos 8) R 3 sin8d6d<j? = 2tt R^ k J cos 2 0sin0d0 = 2nR 3 k ^_ c °s ^ 


2 3 47r/£. 3 A: 

= gir/Pfcl 1 — (—1)1 = — 3— ; 


p = 


47rf? 3 fc A 


z. 


(b) 


V ^ 


1 47tJ£ 3 A;cO5 0 

47T€o 3 r 2 


fcfi 3 cos 0 
3 cq r 


2 * 


(Dipole*) 
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This is also the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are 
exactly zero. 

Problem 3.29 

Using Eq. 3.94 with r J — d/2: 


r n— 0 v 7 


for we let 0 -4 180° + 0 , so cos 0 -4 - cos 0; 


n=0 v y 


— P„(-COS0). 


But P„(-a;) = (-l) n P„(x), so 
V 

Therefore 


= Ct - h) = (I)’ [«•(“*) 


i/ 2q 1 d qd cos 6 

Vdip = —— - Pl (cos 0 - while y quBd = 0. 

47reo r 2r 47 T£oT 


V' t. = 


2q__ 

47reof 


(0 


P 3 (cos0) = 


^ ' x (5 cos 3 0 “ 3 cos 0) = 


4tt£o 8r 4 2 


gd 3 1 

4tt£q 8r 4 


(5 cos 3 8 — 3cos0) * 


Problem 3*30 


2g, 

(ii) p = 

3gaz, 




2q, 

(ii) p = 

goz, 


l 

4tT€0 


(iii) V = 


'2 + 
r r * 

= 

1 

2g 3ga cos 8 



47re 0 

r + r 2 



1 

2g qa cos 0 


47re 0 

_ r r z 







1 

2g 3ga sin B sin <p 

2q, 

(ii) P = 

3gay, 

(iii) V = 

4?reo 

4" 0 

r r 4 


(from Eq. 1*64, yr — sin 0 sin 0)* 


Problem 3,31 

(a) This point is at r = a, 0 = = 0, so E = 


P e= , P ., (-£); F = gE = 


4?reo^ 3 47 T£o^ 3 




47T£oa 3 


(b) Here r — a, 0 = 0 ? so E = 


P 2 P * 

r(2r) = - — “ z* 


2pg A 
F - ■■ ■ ■ z. 


(c) V = <| [V(0, 0, fl) - V(a, 0, 0)] = 


4tT£o^ 3 V ; 47T£o^ 3 47TCoa 3 

4^H°)- C “(D] = 


pq 


4?reo^ 2 


Problem 3,32 

Q — q i SO VmtmQ — 


1 ~q 

4tt£q r 


; p - gaz, so Vdip = 


1 qa cos 8 
4ttco r 2 


. Therefore 


j . g f 1 a cos 9 \ 


E(r,fl) = 


47re 0 


- — f + —j (2 cos 9 r + sin 9 dj 
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Problem 3*33 

p = (p • f) r + (p ■ 6) 6 = pco$0r - psin# 9 (Fig. 3.36), So 3(p r) f ~ p = SpcosOt — p cos 0 t + psin00 - 
2p cos $ r psiuBQ. So Eq. 3,104 = Eq, 3,103, / 

Problem 3,34 

1 g2 J2 X (P X 

At height x above the plane, the force on q is given by Eq. 3.12: F = - = m -r—; -r-r “ — A lx 2 . 

47T€o 4 z l at 1 at 2 

q 2 

where A = 




dx dv A dx d f 1 d f A\ 1 ? A 

, Multiply by : v— = — r-r- ^ — “U = — — -tr — —+ constant. 

J di dt x 2 dt dt \2 J dt \x J 2 x 


But 


v — 0 when x = d y so constant = -A/d, and hence v 2 = 2A ( — — — ) ; 

\x d) 




rr _ r = 

V X d 


!2A /d — x 
d 


d 0 

— It** ft'V — 


u 

/ 


This integral can also be integrated directly. Let x = u , dx = 2udu, 

/ ^7 = 2 / d " = 2 { ^5 ' / ^ + i sin " ( ^) } 


V5 


— -dsin 1 (I) ” — d— . 
Vd 2 


Therefore 


j d ltd hr 

” V 2lT = y 


*<P d 


4 2g^ 


16?r^o m — 


f27r 3 d 2 tQm 


Problem 3.35 


+ 


+ - 


+ - 4 + j 7 


+ - 


9 i 

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net 
force of the negative image charges is: 


F = 


1 


1 


1 


47reo ^ [2(a - x)] 2 [2a + 2(a - x)] 2 |4a + 2(a-x)] 2 

__j 1 i ...i 

(2x) 2 (2a + 2x) 2 (4a + 2x) 2 / 


+ * . * 


1 ,*f 

i i i 

| r i 


i i i 

i i \ 

1 

4ttco 4 \ 

(a — x) 2 (2a — x) 2 (3a — x) 2 


x 2 (a -I- x) 2 (2a + x) 2 

r 


When a ~¥ oo (i.e, a x) only the \ term survives: F — - 

x * 

Eq. 3.12). When x — a/2, 


1 q 2 
4ttco (2x) 2 


/ (same as for only one plane — 


i 

i i i 

1 4- t 


1 1 1 

1 _L_ J 

\ 

4tt€o 4 \ 

>/ 2) 2 (3a/2) 2 (5a/2) 2 


.(a/2) 2 (3a/2) 2 (5a/2) 2 \ 

J 


}= 0 . 


✓ 
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Problem 3*36 

Following Prob, 2*47, we place image line charges —A at y — b and +A at y — — b (here y is the horizontal 



a — h a -h b 

a -> — — , 2/o — r— so 


V = 


4 ire 
A 


2 1 ' 2 

»K® +ln (l)] = 3^ ln (5i) 

a) 2 + z 2 ][(y - b) 2 + z 2 ] 




4^ 0 1 [(y - 


a) 2 4- z 2 ][{y + b) 2 + z 2 ] 


}• 


or, using y — s cos z — s sin <j> f 


A ^ f ( s 2 + a 2 + 2ascos 0)[(as/i7) 2 + R 2 — 2ascos0] 1 
47reo n \ (a 2 4- a 2 - 2as cos fi)[(as J R) 2 + B 2 + 2ascos$] / 


Problem 3*37 


Since the configuration is azimuthally symmetric, V(r, 0) = ^ Pj(cos0)* 

(a) r >b: A{ ~ 0 for all i, since V -> 0 at oo, Therefore V(r , 0) = ^ ”™Pj(eo$0). 
a<r <b: V(r,6) = Yl(ct rt + ~rh:') P ‘( cos0 )- r<a: V{r,8) = V 0 . 

We need to determine B^CEDf, and Vq. To do this, invoke boundary conditions as follows: (i) V is 

continuous at a, (ii) V is continuous at 6, (iii) A ( ttO = — ^-cr{Q) at 6. 

\or J €q 

09 E &h p ‘(™ s0 ) = E ( Clb ‘ + &k) P '(CO8 0); 


Bl ~r h l + Dl 

y+r - c ‘ b + y+r 


0) => E + p d cos0 ) = ^o; 


Qa‘ + = o, if / / 0, 

C 0 a 0 + -~ = Vb, if / = 0; 
a * 


B t = b 3,+1 Ci + D,. (1) 

( 2 ) 


Di = —a 2l+1 C t , l / 0, 
Dq = aVo — aCo. 


Putting (2) into (1) gives B\ — b 2l+l Ci — (i 2i+1 C(, l / 0, Bq = bCo + a Vo — aCo- Therefore 

(!') 


Bi = {b 2l+l - o 2,+1 ) C t , l* 0, 
Bq — (b ~ a) Co + a Vo- 


(iii) => E BihW + l)]^Ti(cosff) - Y, (Cilb 1 - 1 + D t Pi(™s8) = -^P,{ cos 5). So 


<* + l) 

bf+ 2 


B t - (Cilb 1 - 1 + Di- ^ 1 ^ = 0, ifijil; 
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or 


-(/ + 1 )B t - lC t b 2l+l + (l+ 1 )D t = 0; (l + l)(Bi - Di) = -lb 2i+l C,. 
Bi(+ 2)~+ (C, +Di^j = for 1 = 1; C\ + — Di) = k. 


Therefore 


(/ + l)(JBj - D,) + lb 2l+1 C t = 0,for l 1, 

C l + ^(B 1 ~D l ) = ~. 
o €o 


(3) 


Plug (2) and (1') into (3): 

For l / 0 or 1: 

(/ + !) [(6 2i+t - a 2i+1 ) Q +a 2m C , l ]+/6 2i+1 C j = 0; (l+l)b 2l+1 Ci+lb 2l+l Ct = 0; (2/ + l)C, = 0 => C, = 0. 


Therefore (1') and (2) => Bi — Ci = Di = 0 for / > 1. 
2 


For / = 1: Ci + ^ [{t> 3 - a 3 ) Ci+a z Ci] = fc; Ci + 2C: = k =► Ci = fe/3e 0 ; 


Z>! = — o 3 Ci => 


Dx = ~a 3 k/3t 0 \ Bi = ( b 3 - a 3 ) Ci => Bi = { b 3 - a 3 ) jfc/3e 0 . 


For / = 0: So - ■Do — 0 => Bo = Do => (6 — a)Co+aVo = aVo — aCo, so bCo = 0 => Cq — 0; Do = aVg — Bo. 
Conclusion: 


aV n (fr 3 - a 3 ) A: 

V{r,^) = + V cos0, 

r 3r^eo 

r > 5. 

v ™=¥ + i; 1 

( r -^-)cos«, 


a < r < b* 


(b )(Ti(0) = — e 0 


dV 

dr 


= -Co 

aVb A: / ^a 3 \ A 

— + - — { 1 + 2 — ) cos 0 

{ v 0 k 

= —Co — — H cos B — 

-A: cos# + Vq — . 

a 

a 2 3e 0 \ a 3 J 

\ a e Q J 

a 


(c)qi “ [ <j x da — a 2 = 47ra6oVo = Qtot- At large r: V & == — — — — 

J a L — — r 4xeo r 


1 47raeol / o nVo 


47TCQ 


. / 


Problem 3.38 


Q 


Use multipole expansion (Eq. 3.95): pdr — ¥ Xdz = — d£, and r' -4 z: 


a 


The integral is 


a 

f) CO z n+1 

&<■"** } ^^(cos*) — 


^P„(cos0) 


2a n+1 

71 + 1 


for n even* zero for n odd. 


Therefore 


V = 


Q i 

4tt€o r 


E 


1 

n + 1 


Pn (COS 0) 


qed 


Problem 3.39 

Use separation of variables in cylindrical coordinates (Prob. 3.23): 


oo 

V(s , <p) — (iq + b G In s + [s fe (a^ COS&0 + b * sinfc<£) 4- cos + *4 sinfc^)] „ 
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s < R : V{s,4>) — J2T~\ sk ( a k COS k<f> + 5&sinfc0) {In s and $ k blow up at s — 0); 

s > R : V(s,<fi) — cos k4> + djt si nk<j>) (In s and s k blow up as $ - > oo). 


{We may as well pick constants so V -4 0 as s ^ oo, and hence no — 0.) Continuity at s — R 
^ R k (ak cos k<f> + bk sin k<fi) = ^ (c* cos £0 + dfcsin&0), so c* — fi! 2 ^afc> d* — R 2k hk- Eq. 2.36 says: 


dv 


R+ 


dv 

ds 


— ——( 7 , Therefore 

R- C 0 


or: 


(ck cos k<j> + dk sin k<j>) — ^ 1 (a* cos k$ + sin Ar^) — - —a, 

E 2 ^' ! (“* cos ** + sin **) ^ { _° 4 %> (° < $ < at) } ■ 


Fourier’s trick: multiply by (cos/ 0 )d 0 and integrate from 0 to 2 tt, using 


2 7T 27T 

J sin h<l> cos t<l>d<t> = 0; J cos &0 cos /0 d0 = j j- 


Then 




21 R TTUl = — 
Co 


2ir 


J CO$/0d0 — COS 1(f) d(f> 

_0 7f 


ffo J 

[ sin/0 

* sin/0 

2 JT ] 

. 1 

l ' 

o' 1 

J 


n* — 0* 


2ir f 0 k ^ / ] 

Multiply by (sin i0)d0 and integrate, using J sin A;0sin/0d0 = | ^ ^ ^ j: 

IT 2tt "1 ^ 

J sin /0d0 - J sin /0 d0 = — J — 

n v 




&o 

eo 


cos^p cos/0 


2?r t 

* J 


fo 

/eo 


(2 — 2cos/tt) 


JO, if / is even 1 _ J 0, 

— \ 4cro//eo* if / is odd J ^ 1 ~ \ 2a$ 


if / is even 1 

j2 &l-l ;*■ j ;c f 1 


/tt€q 1 2 R 1 1 , if i is odd 


Condimora; 


T// 2<7 0 r sr 1 • ^ J (*/*)* (« < fi) \ 

i W*)‘ <■>*>/ 


Problem 3,40 


Use Eq, 3*95, in the form V(r) ~ ^ ^ In] In — J z n X(z) dz . 

«“0 _ rt 


a 

f f f'KZ\ 

i , [ 2 d * i 

f 7tZ\ 

2 ak r , fix 

\ ^ Y 

i 4ah 

= fc / cos — 

i dz — k — sin 

—— } 1 

— sm - 



/ V 2 a/ 

[ 71 

\2a/ 

* ^ 

\) \ 2 / 

J 7T 


|A (z) 


4 

^ — ► z 

a 


(Monopole.) 
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(b) 


h = 0 . 


-Kj 


A = ^|^ S in(7r,/ a )d 2 = *{(^) 2 si n (^)-^co S (^)}| ^ 

— O 

\{z) = k { (^) 2 M^) “ sin(-Tr)] - ^-cos(7r) - ^ cos(-jt) J = k~; 


V( r ,9) Si (^) Icos 8. 


4-7reo \ tt / r ! 


(Dipole.) 


(c) 


Io = h = o. 




— <Z 


7, = *|,>co.(^)* = i{ 2lC ° 8l, r'/ o) ' ("/“) 2 - 2 -.-C’ r ^i 

— a 

( ft \ 2 

-) [ QCOS ( 7r ) + QCOs( — 7r)] = ^2~- 


( 7 T/a ) 2 ( 7 T/a ) 3 

4a 3 fc 



n-,«) = ™ (-^) ( 3 ™ ! ® - 1 ) . 


47re 0 


(Quadrupole.) 


Problem 3.41 

(a) The average field due to a point charge q at r is 



1 


SO 


Eave = 74 -- 1 P 3 \ [ E dr, where E = 

(|7re 0 A 3 ) J i-Kto'i- 

Eave = {|7re 0 fi 3 ) 4 7T 0 j 


(Here r is the source point, dr is the field point, so * goes from r to dr.) The field at r due to uniform 

i r i 

charge p over the sphere is E fi — / p-r dr. This time dr is the source point and r is the field point, 

4tt<:o J ** 

so 4 goes from dr to r, and hence carries the opposite sign. So with p = -qj ( ) , the two expressions 
agree: E avc = E p . 


(b) From Prob, 2.12: 


2 

3c 0 ' 


e p ~ — P* == " 


Q r = P 
4?rco R 3 4tt€qR 3 


(c) If there are many charges inside the sphere, E avc is the sum of the individual averages, and p tot is the 


sum of the individual dipole moments. So E ave = — 


«■ Q ed 


4ne 0 R 3 

(d) The same argument, only with q placed at r outside the sphere, gives 

i (i* R3 p) ~ 


E ave - E p - 4?rfo 


r (field at r due to uniformly charged sphere) = r . 

1 47reo r l 
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But this is precisely the field produced by q (at r) at the center of the sphere. So the average field (over 
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces 
at the center. And by superposition, this holds for any collection of exterior charges. 


Problem 3.42 

(a) 

E dip = 


47re 0 r 3 


(2cos0 f + sin 9 $) 

[2 cos 0(sin 0 cos <j> x + sin 9 sin tj> y -f cos 9 z) 


4?reor 3 

+ sin (cos 9 cos x + cos 9 sin <j> y - sin 9 z)] 


3 sin 9 cos 9 cos $ x + 3 sin 9 cos 9 sin $ y + (2 cos 2 9 - sin 2 0) z 


4ttco r 3 


(M*)/ 


=3 cos 2 B — l 


Edip d,T 


^4^3^ (^) J pf [3sin£?cos0(cos0x + sin0y) + (3cos 2 0 - 1) i] r 2 sin9 dr d9 dfr 

2n 2tt 

But J cos <t> d4> = J sin 4> d<f> = 0, so the x and y terms drop out, and f d<f> = 2tt, so 
oo 0 

R JT 

(I^r3) {^) 2 r jl dr ■ 


(— COS 3 0 + CO5 0)|g = l “1 + 1“1=Q 


Evidently E ave = 0, which contradicts the result of Prob. 3.41. [Note, however, that the r integral 




blows up, since lnr — oo as r -4 0. If, as suggested, we truncate the r integral at r = e, then it is finite, and 

the $ integral gives E ave — 0*] 

(b) We want E within the £-sphere to be a delta function: E — A5 3 (r), with A selected so that the average 
field is consistent with the general theorem in Prob. 3.41; 


= (i^y/ A{S(r)liT =(i 


i§„ipy = *3^5 => A = he "“ 




Problem 3.43 

(a) I = j (Wi) • (W 2 )dr. But V • (ViW 2 ) = (Wi) • (W 2 ) + Vi(V 2 V 2 ), 


SO 


/ = j V ■ (Vi Wa) dr- J Vi(VV 2 ) = f V 1 (VV 2 ) ■ da + j- J V lP2 dr. 

But the surface integral is over a huge sphere u at infinity”, where Vi and V 2 -> 0. So 7 — — f Vi p 2 dr. By 

€o J 

the same argument, with 1 and 2 reversed, J = — J V 2 p\ dr. So J Vip 2 dr — J V 2 pi dr . qed 
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{ Situation (1 ) : Q a = J a pi dr = Q; Qb = f b Pi dr = 0; Hi = V ab . 

Situation ( 2 ) : Q a = f a pi dr = 0; Q b = / b pi dr = Q; V^ = Ha- 

/ V lP2 rfr = H« f a p 2 dr + V lb f b p 2 dr = V ab Q. 

J V 2Pl dr = V 2a J a pi dr + Hi f b Pl dr = V ba Q. 

Green’s reciprocity theorem says QVgb = QHat so Vat, = Ho. ged 

Problem 3.44 


(a) Situation (1): actual. Situation (2): right plate at Vo, left plate at V — 0, no charge at x. 


v=o v=o 




dr — Vi ^Q i 2 4- V xl Qx 2 + ^ri Qti* 


But V\ x = V ri — 0 and Q X2 - 0> so / V\p 2 dr — 0. 

J V2pl dr = VijQii + V X2 Q Xl + VriQrt ■ 

But Vi 2 — 0 Q Xl “ q f V r2 - Vb, Qr x = O 2 , and V^ - Vo(xfd). So 0 = Vo(x/d)q + VqQ 2 , and hence 

Q 2 = -gx/d. 


Situation (1): actual. Situation (2): left plate at Vo, right plate at V = 0, no charge at x. 

J V 1 P 2 dr = 0 — J V 2 P 1 dr — Vt 2 Qi x + V X2 Q X1 + VV 2 Q ri = V 0 Q 1 + qV X2 + 0* 

But V X2 =V 0 (l- 2 ), so 


Q 1 = - 9(1 - 


(b) Situation (i): actual. Situation (2): inner sphere at Vo, outer sphere at zero, no charge at r. 

J V 1 P 2 dr — V ai Q qi + V n Q T2 + Hi Qbi ■ 


But H, = H, = 0, Q r2 = 0. So / V 1 P 2 dr = 0, 

J Hpi dr — HiQoi + HjQri + V b2 Q bx = QoH + qV r2 + 0. 

But H 2 is the potential at r in configuration 2: V{r) = A + B/r, with V(a) = Vb =S- A + B/a — V 0 , or 
aA + B = aV 0 , and V{b) = 0 =s> A + Bjb = 0, or bA 4- B = 0. Subtract: ( b — a)A — -aVo =$■ A = 
-aV 0 /(b - o); B (J - 1) = Vb = => -B = abV 0 /(b - a). So V(r) = (* - l). Therefore 


(fc-o) (r ')• 
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Now let Situation (2) be: inner sphere at zero, outer at Vo, no charge at r, 

J Vip 2 dr = 0 = J V 2 pi dr = V a ,Q a ^ + + V b2 Q bl = 0 + qV r2 + Q b V 0 . 

This time i splay styleV(r) — A + “ with Ffn) — 0 =$* A + Bja = 0; V(6) = Vo ^ A + B/b — Vo, so 


Therefore, (l - ?) + Q t V, = 0; Q„ = (l - “). 


Problem 3.45 


( a ) l Y WjQii ~ \ f | 3 Y iiT 'i Y f J r j - ( r ')‘ Y f > f A 1 ^ dT ' 

i,j=I J t i=l J=1 »,J J 

3 3 

But ^ fir' = f ■ r' = r 1 cos 9* — ^ r^rj; ^ ^ f jf^ = f r = l. So 


i=i 


J=i Uj 


iquad = ^ (^ 2 cos 2 9* - r' 2 ^ pdr' = J r* 2 P 2 (cos0 t )pdr t (the n == 2 term in Eq. 3,95). 

(b) Because x 2 — y 2 — (a/2) 2 for all four charges, Q xx = Q yy = [3(a/2) 2 - (\/2a/2) 2 ] (g — q — g + g) = 0. 
Because z = 0 for all four charges, Q zz = “(\/2a/2) 3 (g “g-g + g) = 0 and Q xz — Q yz = = Q zy = 0. 

This leaves only 


o- = «»■ = 3 [(I) (1) (1) (-1) <-*> + (-i) (1) (-.) - H) (-§) «] - 


(c) 


Qij = j [3 (r> - - dj) - (r - d) 2 5*j-] pdr (I'll drop the primes, for simplicity.) 

= J [3 TiTj - r 2 rfij] pdr - 3 d { J rjpdr - 3dj J Tip dr + 3 didj J pdr + 2d ■ J rpdrSij 
— d 2 6ij J pdr = (3ij - 3(dipj + d^p*) + MidjQ + 2^d ■ p - d 2 SijQ . 


So if p ^ 0 and Q — 0 then = Qij. qed 
(d) Eq. 3.95 with n — 3: 


Voct = 


1 1 


Attcq r 


j J (r') 3 P 3 (cos 0')p dr'; P 3 ( cos0) = ™ (5cos 3 # -3cos$) . 



Define the “octopole moment” as 


Qijk = J (Srjr'r* - (r'} 2 (r&* + r' + r^-) p(r') dr'. 
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Problem 3.46 


47T£o L \*i Hi \*3 HJ} 

— \fr 2 + a 2 — 2ra cosf?> 

^2 = \/r 2 + a 2 + 2ra cos 

^3 — ^/r 2 + b 2 — 2rb cos 0 , 

^4 — \/ r2 + b 2 + 2rb cos 

/ j i \ 2r 

Expanding as in Ex. 3,10: ( — ) 3* — cos# (we want a ^ r, not r a> this time)* 

\^i Hi 

( ~ — — ) ^ ^ cos# (here we want 5 r s because 5 = ii 2 /a } Eq, 3.16) 

Uj r 2 



R, 

But q 1 = q (Eq. 3.15), so 

a 


V{r, e) £ 


4jre 0 


2i7 2 A 

COS cl. 

a r A 


“ 2r 

g— cos# - 
a 2 

r 2 n 2 

a ^ a r 2 


= 4 ^( 1 ) ( r “^)“ s9 - 


1 2 Q 

Set Eq — —— — (field in the vicinity of the sphere produced by ±g): 


4tt€0 a 2 


V(r,6) = -Eq cos# 


(agrees with Eq. 3*76), 


Problem 3*47 

The boundary conditions are 

(i) V = 0 when y — 0, 

(ii) V = V 0 when y — a, 

(iii) V — 0 when £ — b, 

(iv) V = 0 when x — — b . 

Go back to Eq. 3.26 and examine the case k = 0: dPXfdx 2 = d?Y/dy 2 — 0, so X(x) — + y(y) = Cy + D. 
But this configuration is symmetric in x, so A — 0, and hence the k — 0 solution is Vlx^) = Cy + D. Pick 
D — 0, C = V'o/a, and subtract off this part: 

V(x,y) = V 0 ^ + V(x,y). 
a 

The remainder (V(x,y)) satisfies boundary conditions similar to Ex, 3,4: 

(i) V = 0 when y ~ 0, 

(ii) V" = 0 when y = a, 

(iii) V = -Vo(y/a) when x = b, 

(iv) V — —Vo(y/a) when x — — b. ^ 
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(The point of peeling off Vo(y/o) was to recover (ii), on which the constraint k — n7r/a depends,) 
The solution (following Ex, 3.4) is 

00 

V{x,y) — ^ C n cosh(n7rx/a) smjnny/a), 

71 — 1 

and it remains to fit condition (iii): 

V(fc, y) ~ cosh {nub fa) sin {nisy/a) — “Vo($//a)* 


Invoke Fourier’s trick: 


^ ra y f a 

yC n co S h(nnb/a) I sm(nny/a) sin(n'ny/a) dy — — — j y sm{n' ity j a) dy , 

Jo a Jo 

^ Y r a 

-C n cosh(mrb/a) — j y sin(n7ry/a) dy. 

2 a Jo 


C n = - 


2V 0 


a 2 cosh(ri7r& /a) [ V tin 
2 Vq ' - 2 


^ sin(n7Ty/a) — ^ cos(n7ry/a) 


a 2 cosh(n7rfr/n) 
V{x,y) = 


(-) 

\nir J 


cos(n?r) = 


2V 0 (~l) n 

nn cosh(n7vbfa) ' 


Vo 


- -I — V" 

a 7 r n cosh(n7rh/a) 


y 2 A (-l) n cosh(n7rx/a) , J 

' v sm(n7ry/a) . 


Problem 3.48 

(a) Using Prob. 3.14b (with b = a): 


V( X ,y) = ^y 


4 Vq sinh{n7rx/a) sin(mrj//a) 


n odd 


nsinh(nTr) 


tr{y) = 


dV\ 4 Vq ^ fnn\ cosh (mrx/a) sin {imy/a) 

dx Uo ° it \ a / nsinh(n7r) 


n odd 


0 


4fo Vo \ ^ sm(n^/a) 

a “ sinh(nTr) 

71 odd * 


A = 


f a(y)dy = ^ — 1 — - f sin(niry/a)dy. 

Jo a ^ sinh(nTr) J 0 

But [ sin(mr$//a) dy = — — cos(n7ry/a)|J! = —[1 — cos(n^)] = —(since n is odd). 

J q 717 T - 717 T T 17 T 


8eoVb 1 

it ' nsinh(nTr) 


n odd 


eo Vo 


In 2. 


[I have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434, 
which agrees precisely with In 2/8.] 
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Using Prob. 3.47 (with b — a/2): 

V(x,y) = V 0 


y i 2 (— l)”cosh(mnr/a) s\n(nny/a) 


- + -E 

n tt ^ ^ 


n cosh(n7r/2) 


9U 

"W = - e »aJ 

- -eoVo 




= —co Vo 


12 /mr\ {-l) n cosh(mrx/a) co$(n7T2//a) 
a tt ^ \ a / ncosh(mr/2) 


»=o 


1 2 ^ 

- + - V 

a a 


(— 1 ) n cosh (mrx fa) 
cosh(n7r/2) 


CqV 0 


1 + 2 E 


(— l) n cosh(rt7rx/a) 
cosh (mr/2) 


v r /2 , > , t-i) n r /2 w , v / 

A — / erf rc) ax — a + 2 > - — , , / cosh(n7rx/a) ax 

J-a/2 a V cosh(mr/2) J_ a/2 


“ cosh(njr/2) J_ o/3 

/■° /2 a . |“ /2 2a 

But / cosh(mrx/a) dx = — - sinh(n7rx/a) — — sinh(n7r/2). 

J-a/2 n7T I -a/2- n7r 


eo^o 


4a {— l) n tanh(mr/2) 

a 4 > - - 

tt n 


- - 6 0 V Q 


4 ^ (-l) n tanh(n7r/2) 


»+:E 


n 


eo Vo 


In 2. 


[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees 
with the expected value (In 2 — tt) /4,] 

(b) From Prob, 3-23; 

1/(5, 0) - a 0 + b 0 ins + ^ [ c Jt cos(A;0) + <4 sIn(A:0)]. 

In the interior ( s < R) bo and 6* must be zero (Ins and 1/s blow up at the origin). Symmetry d* =■ 0. So 

oo 

V(s,0) = a 0 + ^ GkS k C0$(A:<£). 



Ac™ 1 


At the surface: 


< <p < tt/4. 


V(R , « = Y. “*«* = { 0 othl/wisV 

*=0 v 

Fourier’s trick: multiply by cos(A:'0) and integrate from — tt to 7r: 

^ a* /£* f COs(A;0) COs(k'4>) d(j> — Vo f CO$(k f 4>) d<p — \ - ff /4 

'/“7t/ 4 1 F o7 r/2, if fc' = 0. 


— (Vq/A:') sin(fc / 7r/4), if k* ^ 0 } 


/■TT [ 0 , 

I cos(fc^) cos(fc'0) — < 2tt, 

■/-TT -JT 


if k £ k* 
if Jfc = k* = 0, 
if A: = ^ 0* 


But 
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So 27roo = Vott/2 => do = Vq/4; nak R k — {2Vo/k) sin(&7r/4) => a * — (2Vo/TrkR k ) sin(kn/4) (k 0); hence 


V(s,4>) = V 0 


1 2 ^ sin(&7r/4) / s \ k 

i + ^ —r~ b) cos(t « 

Jlc=l 


Using Eq, 2.49, and noting that in this case n — — §: 


£7(0) = = £oV °k 1 = E sin(*7r/4) cos(fc<&) 


2 ^ sin(fc7r/4) 


2e 0 Vo 


k=\ 


fc=l 


We want the net (line) charge on the segment opposite to Vo {-7r < 0 < -3 tt/ 4 and 3 tt/4 < 0 < tt): 


A = [ a(<f>)Rd<p = 2R f a(<p) rf0 ~ ^ € °^° V" sin(&7r/4) f cos(fc0) d(f> 

J J 3tt/ 4 ^ jrJ */3ir/4 


4CqVq 


sin(A*7r/4) 

jt=i 


T sin(Ar0) 

ft 

[ k 

3tt/4 


4cqVo ^ sin(fc7r/4}sin(3fcTr/4) 

7T “ A: 

A'™ 1 


k 

sin(&7r/4) 

sin(3ft7r/4) 

product 

1 

1/72 

l/y/2 

1/2 

2 

i 

-1 

-1 

3 

1/V2 

1/V2 

1/2 

4 

0 

0 

0 

5 

-l/y/2 

-i/V5 

1/2 

6 

-1 

l 

-1 

7 

-1/V5 

-1/V2 

1/2 

8 

0 

0 

0 




4eoVo 

) E 

1 

- E 

1 

4eo^o 

1 y 1-1 y 

2 ^ k 2 ^ 

1 

ir 

k 

k 

7r 


. 1,3,5... 


2,6,10,.. 



L 1,3,5... 1,3,5,.. 



Ouch! What went wrong? The problem is that the series ^(1/ft) is divergent, so the “subtraction” oo — oo 
is suspect. One way to avoid this is to go back to V{s, 0), calculate £o (dVfds) at s / R, and save the limit 
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s R until the end: 
cr(<p y s) 


dv 


= €0^ “ 
as 

_ 2f o Vo 
ttP 


^ fc-1 

GO 

V x* _1 sm(&7r/4) cos(L0) (where x = s//£ 1 at the end), 


jt— l 


\(x) = £7(0, s)jR# = _ 4 eo]_o A x * 1 sin(&7r/4) sin(3/r7r/4) 

IT ' K* 




■)] 


4e 0 V 0 1 / x 3 x 5 \ 1 fx 2 x 6 x 10 

[^( :c+ y + y + -)-nT + y + io + 

But (see math tables) : In ( | — — ) = 2^x+^j- + ^r + '"^ ■ 

1 A+a:\ 1 /l + x 2 \l to Vo [/I + a:\ /l + x 2 Y 

[2 ln (j^J - 2 111 { tz ^)\ = - ^ ln [ W Ir^JJ 


2coVb 


Co Vo , 
In 

(1 + rc) 3 l 

; A — lim A{x) — 

^ln2. 

7TX 

1 + X 2 


7t 



Now consider the pendulum: F — —mg z — Tr t where T — mg cos = mv 2 /l and (by conservation of 
energy) mgl cos <f> — (l/2)mu 2 => v 2 = 2#icos$ (assuming it started from rest at <p — 90°, as stipulated). But 
cgs<£ — — cos 0, so T - mg(— cos#) 4- (m/l)(—2glcos8) — — 3mgcos8 , and hence 

F — -mg (cos 8 r — sin $ 9) + 3 mg cos 8 f = mg{ 2 cos $ r + sin 8 9). 


This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on q in the 
field of a dipole, with mg «-> qp/47r€ 0 l 2 . Evidently q also executes semicircular motion, as though it were on a 
tether of fixed length L 


